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Abstract 
First we remark that the cellular complex constructed by Salvetti (1994) can be considered as 
a 'topological' invariant of a graph, so its cohomology is also an invariant. We use the 
construction ofSalvetti (1994) to calculate the cohomology ofthe Artin group associated tothe 
complete graph Kn, using coefficients in a local system over Z[q, q- t]. The standard cohomol- 
ogy over ~' is obtained by specializing q to 1. While doing such computations, weobtain also an 
explicit rational function for the Poincar6 series of the Coxeter group associated toK,, and note 
that it has exponential growth for n/> 4. 
0. Let (W, S) be a Coxeter system [2]. It is known that there are realizations of Was 
a group of reflections in R", such that a fundamental domain D for Wis a polyhedral 
cone and the orbit of D is a cone U ~ R" (for example, D is a simplicial cone and U is 
the Tits-cone [2, 10]). Let ~¢ be the arrangement of reflection hyperplanes of Win R';  
then W acts freely on the space 
r = (u + iR")\ U u~ 
HE.~' 
(Hc being the complexification f H). 
The fundamental group Gwofthe orbit space Yw:= Y/W is called the Artin group of 
type IV; a presentation of Gw is well-known [3, 4, 6, 14]. 
One of the authors howed [11] that the space gw contracts guru a cellular complex 
Xw which can be described quite naturally through identifications on the faces of 
a convex polyhedrum (namely, a realization of the Coxeter complex of W). 
This construction was used to compute the cohomology of rank 1 local systems over 
the orbit space with coefficients in Z[q, q -~]  [11, Theorem 1.10]. Setting q = 1 the 
integer cohomology of all irreducible finite exceptional Coxeter groups was obtained. 
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It is well-known as Coxeter systems bijectively correspond to edge-weighted graphs, 
the weight of an edge if, j )  being a positive integer n(i,j) t> 3. Isomorphic graphs 
clearly give rise to isomorphic Coxeter systems: then we note that the orbit spaces 
above (so the complexes Xw) can be considered as "topological" invariants of edge- 
weighted graphs. In particular their cohomology is an invariant. 
In this paper we go on with computations, trying to show how the construction i
I1 l] allows calculations of the cohomology of Artin groups even for some infinite 
Coxeter groups. 
In the first part we recall the results in El 1], giving the slight changes necessary to 
treat the case of infinite Coxeter groups. In this case one has to consider just those 
subsets of S which generate a finite subgroup of W. 
In the second part we consider a (very natural) class of Artin groups associated to 
infinite Coxeter groups, namely the Artin groups associated to the complete graph K,. 
We calculate the cohomology of Gw(r,) with coefficients in a local system as above: 
this reduces to the standard cohomology over Z by specializing q to 1. 
In spite of the fact that for Artin groups associated to finite Coxeter groups the 
integer cohomology is known [1, 7, 13, 5, 12, 8, 11] this is to our knowledge the first 
computation of the cohomology for an Artin group associated to an infinite Coxeter 
group. 
The further ingredient (besides the constructions in [ 11]) which allows to conclude 
that the cohomology of Xwis also the cohomology of the Artin group ¢;wis taken from 
[9]: in fact, in case of the complete graph the combinatorial hypothesis of the main 
theorem of [9] is satisfied, so Xw is a k(lr, 1) space. 
In order to compute coboundaries one has (see Theorem B below) to know the 
Poincar~ series of the finite parabolic subgroups of IV. Actually we obtain the 
Poincar~ series for the whole W(K,): this is done through some standard combina- 
torial algebra. The result is an explicit rational function of degree zero which vanishes 
in the 2nd and 3rd-primitive roots of I and, for n 1> 4, has exponential growth. 
This fact seems interesting for itself: in fact, even if there is a well-known recursive 
formula for the Poincar6 series of Coxeter groups [ 2, 10] it seems that explicit closed 
formulas are not known in general. It turns out that one still obtains an algebraic 
complex even considering all subsets ol a ~',en those generating infinite subgroups of 
W.) Here one has to take coefficients in some ring extension, and the associated 
cohomology isessentially equivalent to that defined through subsets generating finite 
subgroups of W. However it is still interesting to compute this "extended" algebraic 
complex, since (as remarked before) the involved functions are invariants of the 
associated edge-weighted graph (the Coxeter graph of (W, S)). So we make odr 
computations of coboundaries in this more general situation. 
!. Here we recall the construction given in Ell], using a slightly different (but 
equivalent) language. 
For l' ~ S let Wr be the parabolic subgroup of W generated by F. 
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Thoor~m A. The orbit space Ywde[ined in the introduction contracts onto the followino 
cellular complex Xw: 
Let C(W) ~. {w.Wr: F c- S, F finite} be the Coxeter complex of W (see for example 
I'10"l). Identify each cell w.Wr of C(W) with the cell 1.Wr of the same type by using the 
homcomorphism induced by the unique element ,/e w.Wr of minimal length. 
Here the length of an element of W is measured with respect o the system of 
generators S. The homeomorphism is obtained by realizing the Coxeter complex as 
a W-invariant cellular complex in U, namely the dual to the stratification i duc~ on 
U by the arrangement. Recall [11:] that this realization can be easily obtained as the 
convex hull of the W-orbit of one point lying in a fixed chamber. The natural cellular 
decomposition f the so obtained convex polyhedrum isjust the dual to the stratifica- 
tion. 
Note that Xw has exactly one O-cell, and the l-cells correspond to oriente~l |oops 
around the complexification f the hyperplanes of a base chamber. 
( Recall also [ 11 ] that for finite irreducible groups, Xw has exactly (~) i-cells). By the 
use of this construction, one can compute rank 1 local systems on Xw as follows. 
For each H c W the Poincar6 series of H is defined by 
H(q) = ~, q,(h) 
hcH 
where i is the length function measured with respect o S. 
Theorem B. Let R be a commutative ring with 1, q a unit of R. Let .Zq be the Ioccl 
system on Xw which corresponds to the representation Gw = ~l (Xw )--~ Aut(R) which 
takes a geometric generator (i.e., an oriented l-cell) of Xw into the multiplication by q. 
Then 
H*(Xw, ~'q) = H*(C~ *) 
where (~*, ~*(q)) is the algebraic complex given by 
~'  = {~ vrF: F c S ~- {1 ..... n},lF, = k, vr~ R, l#r is finite t
and 
6~(q)(F) = E (_ l)~O,r)+ t His ,.j(-q).rw "" 
wt-~j finite 
Here ¢~(A F) = # {i ¢ r: i <j}. 
(1) 
Proof. The only difference with Theorem 1.10 of[ l  1] is the finiteness condition on the 
subgroups generated by subsets of S, which comes ince in the general case a k-cell in 
Xw corresponds to a subset F c S, such that Wr is finite (see also [15:]). [] 
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2. In this section we compute the Poincar6 series for the Coxeter group associated to 
the complete graph. 
Let us denote with K, the complete graph with n vertices and with HI, the Coxeter 
group associated to such a graph. A presentation of W, is then [4, 6, 14] 
= <Sl . . . . .  SnlS~ = 1, (SiSj) 3 = 1). 
For i = 1, 2, W~ corresponds to the Dynkin graph At, while W3 corresponds to/$3. 
Moreover, it is obvious that if { 1 .. . . .  n} is the set of vertices of K.  and F = {it . . . . .  i .  } 
is a subset, then the subgraph spanned by F is nothing else than Kin, to which the 
subgroup W,. = <st,, .... st.ls~ = 1, (stksj,) 3 = 1 > is associated. 
We recall some standard results [13]. If F c S and lr is the length in the parabolic 
subgroup IVr then lr = llwr. Moreover, in the field of formal power series in q, wc have 
-tr, IV(q) ~0 if IIV[ =oo, (2) 
~-'~..., ( - I j  W---~ = tqN if I IV I<~,  FcS  
where N is the maximum of the lengths in W. The Poincar6 series W(q) is a rational 
function (a polynomial, in the finite case) in q recursively computable [10]. 
First of all, we remark that we get easily the first cases: 
l/Wo(q) = l, 1/W~(q) = 1/(1 + q), 1/W2(q) = 1/(1 -4- q)(l + q + q2). 
In general, 
Theorem 1. For every n >t 0 one has 
1 (n - l ) (n -2 )  n(2-n) 
Wn(q) 2 + ~ + 
n(n- -1)  
2(1 + q)(1 + q + q2) 
and then 
(1 + q)(l + q + q2) 
W.(q) = 
(n l)(n 2)q 3 - (n -  2)q 2 - (n -  2)q + I 
2 
(3) 
Proof. For n = O, 1, 2 formula (3) holds. Then, by induction, we shall show that 
1 bn cn 
W,(q) = an + ~ -I (1 + q)(l + q + q2), (4) 
wlth an, b,, c, e 7/and we shall compute xplicitly such numbers. Let us suppose that 
this is true for every i smaller than n, with n/> 3. In this case IWnl = oc and then, by (2) 
and induction, we have 
( I n ~i=o 1 -  l)i(Tlbt ~ ' -~ ( -  l)t(7)c~ 
2_, ( - 1) i a~ + + 
Wn{q) i 1 '+q  (1 + q)(l + q + qZ) 
i=o  
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from which ( -  1) n+ 1an = . -  l i n ~i=o (--  1) (i)ai. In the same way, b. and cn satisfy the same 
equation, which can be written as 
1 ~/n \  ~(- )~ i )a ,=O (n~>3). (5) 
i=o 
We now show that the linear difference quation with variable coefficients (5) has the 
same solutions as the homogeneous linear difference quation with constant coeffi- 
cients 
an -- 3an- 1 + 3a,_ 2 -- an- a = O. (6) 
First note the following trivial lemma. 
Lemma 2. Let f (n) be an arithmetical function such that f (n) = cost for n >1 s. Then 
(Akf) (n) = 0 for n >t s, k >>, 1, 
where A is the difference operator (Af(n) =f(n  + 1) - f (n ) ) .  
Let us apply Lemma 2 to the function 
i=O 
By an easy calculation one finds 
(Akf)(n) = E (-- l ) i+" ai+k (n >i 3). 
i=0 ~! / 
Setting n = 3, k = n - 3 one obtains Eq. (6). We still have to show that the solutions of 
(6) are also solutions of(5). To this aim first we find all solutions of(6). Observe that its 
characteristic polynomial is 
A 3 -- 3A 2 + 3A -- 1 = (A -- 1) 3 
and then by standard results all solutions are of the form ~1 + 0c2n -I- 013n 2, where the 
• ~ are constants depending on the initial conditions. Eq. (5) is linear and homogene- 
ous, so we just need to verify it for a basis of the vector space of solutions of (6). We 
choose, as a basis, the three sequences a~ = 1, ai = i, as = i(i - 1). The first one satisfies 
(5) because 
,_l,,(:):o. 
i=0 
For the second element of the basis, setting j = i - 1 one obtains 
i~O i= l  
n - I  1)=o 
i=O J 
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In the same way, setting j = i - 2, for the third element we have 
~=o \ l  I i=2 
n-2 
=n(n- l )~( -1 ) ' (n -2 )=O.  
./=0 J 
This proves that Eqs. (5) and (6) are equivalent, so it is enough to consider the latter. 
In our case, the initial conditions (obtained for n = 0, 1, 2 in (3)) are 
ao = 1, al = 0, az = 0; bo = 0, bl = 1, b2 = 0, C O = 0, Cl = 0, CZ = 1. 
With easy computation, we obtain 
(n -  l ) (n-  2) n(n- 1) 
an 2 , bn = n(2 - n) and cn = - - -~- - - ,  
which gives formula (3). []  
Corollary 3. For n >14 the series Wn(q) has exponential growth. 
Proof. By explicit computation one finds that Wa(q) has polynomial growth and 
W4(q) has exponential growth. Then Wn(q) has also exponential growth since 
W4cW,,n>~4. [] 
3. We are now ready to calculate the coboundary operators (given by formula (1)) of 
the algebraic omplex defined in part 1, in the case of the Artin group associated to the 
complete graph. As said in the introduction, we make calculations using all subgraphs 
of K, (not only those which produce finite subgroups of Wn). 
In dimension i the coboundary is essentially given by a matrix 
Ali, n) ~ M(,+~I)x(7)(Z). (7) 
The actual cohomology matrix differs from (7) by a coefficient which is simply the 
quotient between the Poincar6 series of the group associated to the graph Ki+l, 
computed in the previous ect'on, and the Poincar6 series of the group associated to 
K;, as it easily results from formula (1). 
We can write A(/, n) = (¢$r'.r), where 
F 'c l , ,  Fc ln ,  ]F ' I=[F ]+I=i+I  
{~_ i f lF 'mF,<~i-1, 
6r'.1 = 1) ~O'r' if F' = Fu{j}, 
where we let a(j, F) = # {l e F: I <j}.  
Denoting with Zi., and Bi.,, respectively, the cocycles and the coboundaries 
modules, we show that the former is freely generated by (n~. 1) elements and that the 
same elements, up to a coefficient, freely generate the latter. 
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Lemma 4. The coboundaries module B~+ ~.,, is a free module generated bythe images of 
all subset of { 1 .. . . .  n} with i elements and not containing 1. 
Proof. First we compute the module B~i+ ~.,, = lmA(i, n). Give to the pairs F, F' ~ I .  
such that IFI = i and IF'[ -- i + 1 the lexicographic ordering. 
If 1¢F, that is F g {2 . . . . .  n}, and if I ¢ F', then 
6r.r={ ~ if r ' \{1} # F 
• if F '  = Fu{ l}  
and then the minor in the upper right corner of order (~] ~) is the identity matrix, so 
that the elements {6~(F)}r ~ {2 ...... } generate a free module. 
We now show that if IF[ = i and 1 e F then 6~(F) may be written as a combination 
of the elements t~i(P), with P _c {2  . . . . .  n} and  IFI  = i. Namely, we show that if 
/ "  = { I, 12 .. . . .  I i } then 
a'(r)= y, (-l)~'J.na'(ru{j}\{l}). 
j=2  
j ~ liVi 
Indeed, if we denote with F' the set r \{ l} ,  we have 
6i( F -  ~'~j=2 (-l)~°'r'Fu{J}\{l})=Si( F -  ~j=2 (-l)¢°'r}F'u{J}) 
J # llVi J # liVi 
=¢~i( rtU{l}+ J j=2g~{--l 'O'r' lrtu{J}]l,  vi / 
We thus obtain 
o Bi+,., = Im6 i = ~ 6i(F)R. 
I"~1. 
IFI=/ 
let  
= a'a i - ' ( r ' )  = o. 
So Bi+~.~ is freely generated by the same elements as B°+I.~ multiplied by 
Wi+dq)/w~(q). [] 
I.emma 5. The cocyles module Zi.~ is a free module with the same generators a B°~. 
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Proof. In 7/(~') we write a column vector 
(x' / 
i = ~,.., xre~ 
I X I I '~ l .  
\ (7)/ ,~I=~ 
as a first part depending on F having cardinality equa~ to n and such that 1 e F and 
a second part depending on F, again ofcard~nality n, such that 1 ~F. In this way, one has 
=((a)'~=,,l, E ar.er.+ E cr-et .... x 
\ , c , /  Y ' c l .  r "~ l .  
I r ' l=i  IF'l=i 
l~r '  I~F" 
For 1 ~ F', we get 
DF' ~ el" - -  E CF'.F"eF" '
It"[=i 
I~l'" 
where 
0 if I£'ur"l > i + 1; 
Cr,.1 . . . .  ( _  l)oO, r, ~ if F 'wF"=F 'w{ j} .  
The vectors Vr, generate a free module having rank (~._-~ ). Let us see that this module is 
Zi.n. 
First of all, it is contained in the kernel; it suffices remark that 
Cr . r#O ~ r "=r 'u{ j} \{1}  
for some j ~ F' and then 6'(Vr.) = 0, by Lemma 4. 
(Remark that, in fact, yr. is nothing else than 6' -  l (e r . : l  ~) except for a multiplicative 
factor, i.e. 6 i- t (e r  11:) = (Wi ÷ dq )/Wi(q))vr..) 
Now let v = Yar .er .  + Y~cr~er. be a vector of the kernel. We show that 
V = ~ a r,vI.,. 
F'~ !~ 
ll"l=i 
let'" 
Let v' be the sum on the right. [fe'(v, F) is the component of v with respect to F, we 
clearly have e'(r, F') = e'(r', F'), for every F' such that I ~ F'. We just need to see that 
e'(v, F") = e'(v', F") for the F" such that IeF" (we remind that the sets F' and F" both 
have cardinality i). 
We can express/ii(v) = 0 by the linear system 
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Fixing r", we consider the equation given from the row relative to {l} uF",  which has 
cardinality i + 1. It becomes 
~, t~{l}~r.,.r, ar, + Cr~ = O, 
r'~ {l}~r" 
ir'l=i 
l~r' 
which, by definition of 6 ~ and of cr. r-, tells us 
CF" ~ -- E CF'.F"UF" 
F'~ {1}uF" 
[F'l=i 
leF" 
and then e'(v, F") = e'(v', F"). [] 
In the proof of Lemma 5 we also obtained a set of free generators for Zi., which 
coincides, up to the coefficient ri(q):= (Wi+ l(q)/Wi(q)), with the set of generators for 
Bi., given in Lemma 4. So one has 
H'(~*) = (~/r~(q),~)('~" 1). 
where/~ is a ring extension of R which contains r~(q) (i I> 3) and ~ is the free ~-modtfl¢ 
generated by all k-subsets of { 1 .... .  n}. 
If we limit ourselves to consider the subgraph of K~ whose associated Coxeter group 
is finite, as in the statement of Theorem 13, we obtain an algebraic omplex o f~ ion  
2 which may be thought as the cohomology complex of the orbit space Yw (or that of 
Xw). In this case, the entries of the coboundary matrices are polynomials in q. The 
complex is given by 
C°=Re,  C 1= (~ Rell } and C 2= (~ Rer, 
i=1  . . . . .  n r:lrt=2 
C i = 0 for i > 2. The coboundary is given by 
~°(e)=(l+q) Y~ el, ~ 
i l l  ..... n 
¢~l(e~q) =( l  + q + q2)(  jt.c~.j<i e{j'i} - jt.c.j>iE e{i.J})l 
j2 =0,  
so that we obtain, by computations similar to those used in Lemmas 4 and 5. 
Theorem 6. 
H°(x~.; ~)  = o, n'(xw.; ~,) = R/I-2] 
H2(X~,..%) = @ R/J3] G R. 
rt.c. Ft.c. 
iFl=2 IFI=2 
I~F ler 
where we have .set [n] = (qn _ 1)/(q - 1). 
(~) 
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We use now the results of [9] to conclude that 
Corollary 7. The orbit space Yw. (henceforth Xw.) is a K(g, 1) space, so its cohomolooy 
coincides with that of the Artin oroup Gw.. 
Proof. The combinateriai hypothesis of Theorem 1 of [9] is satisfied in case of the 
complete graph K, .  Actually, each codimension 2 facet belongs to 3 hyperplanes of the 
induced stratification of R" (the subgroup generated by any two elements of the set of 
Coxeter generators S is isomorphic to A2). So g is a K(;t, 1) space and therefore also 
Yw is K(~, 1). [ ]  
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